Abstract. In this article, we will introduce the concept of rough vector spaces using upper approximation, and some algebraic results will be proven. Additionally, this concept will be combined with the concept of topological space.
Introduction
In 1982, Z. Pawlak has proposed approximate operations on a set which were the beginning of rough set theory. [5] Actually the rough set theory is not new, it is just an expansion of the set theory to deal with incomplete information systems. It is based on the approximation space which is described by an ordered pair of nonempty set and equivalence relation (U, R) called the universe and indiscernibility relation, respectively. Here the equivalence classes of a universe are called elementary sets and their finite union is called a composed set. Any subset of the universe in rough theory is represented by two sets, lower and upper approximations. The lower approximation of a given subset is the largest composed set which contained in the given set, and on the other hand, the upper approximation is the smallest composed set which contains the given set. Previous researches have established the most importance algebraic structures rough groups [2] , rough rings [3] , and rough modules [4] . In this article, we will generalize the notion of rough groups in [2] to construct the notion of rough vector spaces. Furthermore, some algebraic structures of rough vector spaces will be proven. The organization of the paper is the following way: In Section 2 the elementary of rough set theory and some informations about rough group theory defined by Biwas and Nanda [2] will be given. In Section 3 we define and investigate rough vector spaces and some interesting examples will be given. In last part, we will give some further theory of rough vector spaces such as quotients, cosets, direct sums. Furthermore, in Section 4 we combine the concept that we define in the third section of rough vector space with the concept of topological space, called topological rough vector spaces. This paper is produced from the master thesis of the first author under King Abdulaziz University.
Preliminaries
The basic notions of the theory of rough set and rough groups will be shown, for more details [2, 5] .
Definition 1.
A pair (U, R) of a nonempty set U and an equivalence relation R is said to be an approximation space.
Definition 2.
Let X be any subset of an approximation space (U, R). Then X described by the pair (App(X), App(X)) of lower and upper approximations respectively, such that
where [x] R denotes the equivalence class containing x in R. The boundary of a set X in A is defined as
Let U be an approximation space and X, Y ⊆ U , then we have:
Example 3.
In the following graph, the grid represents an approximation space A = (U, R) partitioned into squares, that is a classification U/R of U is the set of gray squares. Let the red ellipse be a subset X of U . So the lower approximation of X is the set of all squares that lay inside the ellipse which colored in green, whereas the upper approximation of X is set of all squares that surrounded by blue lines; because they intersect with ellipse X. The boundary of X is the set of all squares that surrounded by blue lines and not green.
In 1994, Biwas constructed the concepts of rough groups and rough subgroups.
Definition 4.
A subset G of an approximation space (U, R) with a binary operation ( * ) defined on U is called a rough group, whenever the following four axioms hold:
Associative property holds in App(G);
3. ∃e ∈ App(G) such that ∀x ∈ G, x * e = e * x = x, where e is called the rough identity; and 4. ∀x ∈ G, ∃y ∈ G such that x * y = y * x = e, where y is called the rough inverse, and denoted by x −1 .
} with operation of addition modulo 3, and let
The classification of X is X/R = {C 1 , C 2 } where C 1 is the set of all ordered pairs whose at least one component is zero, and
Let us verify that V is a rough group. From Definition 4, we have the conditions
associative property already holds in
are satisfied, and hence V is a rough group.
Example 6. Let X = R be the set of real numbers with the usual addition and the classification of X is X/R = {E 1 , E 2 } where E 1 is the set of nonnegative real numbers and 
Therefore, V is a rough group.
Example 7.
Let U = Z 6 be the residue additive group of module 6, and the binary operation ( * ) be the addition 
In 2016, Nurettin Bagırmaz [1] completed Biswas's work by combine the concepts of topological groups and rough groups, which defined the topological rough groups.
Definition 11. A topological rough group is a rough group (G, * ) in an approximation space A=(U,R) endowed with
a topology τ on G, satisfying two axioms: 
First, we claim that the mapping
f : V × V → Apr(V ) is continuous. Let {x} ⊂ Apr(V ) = X be an arbitrary open set in X, then f −1 ( {x} ) = {f −1 (x)} ∈ V × V is also an open set in V × V . Thus, f is continuous.
Secondly, we need to check that the mapping g : V → V which is defined by g(x)
is also an open set in V , and hence g is continuous on V .
Therefore the rough group V induced with D V is a topological rough group by Definition 11.
Example 13. In Example 6 we have seen that V = R − {0} is a rough group. Let U be the usual topology on R and U V be the induced topology on V . Let us verify that V endowed with U V represents a topological rough group. The base of the topology
where it is again a usual topology on V . So, the basic open set for the product topology on V × V takes the form
which represents an open rectangle on R 2 except x and y-axes. So, the topology on V × V is also the product topology on V × V . 
We want to check that the mapping
f : V × V → Apr(V ) = R; f (⟨x, y⟩) = x + y is continuous on V × V . Let (a, b) be an arbitrary basic open set in (R, U). Then f −1 ( (a, b) ) = {⟨x, y⟩ : a < x + y < b}
Rough Vector Spaces
In this section, the definition of a rough vector space and its related properties and examples will be given. 
} with operation of addition modulo 3, and let 
Thus, V is a rough vector space over Z 3 .
Example 19. Let A be the approximation space in Example 6, and V is the rough group in the same example. We want to prove that V with the usual addition and multiplication is also a rough vector space over the field R. So, we have to check the commutative property for addition on App(V ) = R and the conditions of the field in Definition 15. Of course (+) is commutative and the conditions
2. α(x + y) = αx + αy; ∀x, y ∈ V, ∀α ∈ R,
3.
(α + β)x = αx + βx; ∀α, β ∈ R, and ∀x ∈ V , 4. α(βx) = (αβ)x; ∀α, β ∈ R, and ∀x ∈ V ,
1 ∈ R is a multiplicative identity, hold, and hence V is a rough vector space.
Example 20. Let U = Z 6 be the residue additive group of module 6. Proof. The proof is straightforward. According to Definition 15, V satisfy the conditions of vector spaces. In the next proposition we provide the condition how to be the intersection of two rough vector spaces is a rough vector space.
Proposition 23. If (U, R) is an approximation space and V and W are two rough vector spaces over the field F with the binary operation (+) and scalar multiplication (·), then V ∩ W is also a rough vector subspace over the same field whenever
[
Proof. To show that V ∩ W is a rough vector subspace, we have to prove that V ∩ W is a rough subgroup and λx ∈ App(V ∩ W ) for all λ ∈ F and x ∈ V ∩ W . Let x and y be arbitrary elements in V ∩ W and λ ∈ F be arbitrary. 
L(αv) = αL(v)
where + is the binary operation that defined on V and * is the binary operation that defined on W .
Definition 26. A rough linear map is called a rough isomorphism if it is bijective.
Definition 27. Let A = (U, R) be an approximation space and let L :
is called the rough kernel of L, where 0 Apr(W ) is the rough identity of W . Note that, by commutative property of App(V ), we have that
and there is no difference between these two expressions.
Theorem 31. If V /N is the rough quotient of V by N . Then
App(V ) = ∪ V /N.
Proof. It is trivial to say that
Lemma 32 (Properties of Rough Cosets). Let N be a rough subspace of a rough vector space V and let x, y ∈ App(V ). Proof. The desired argument is that the rough kernel contains all its limit points. Assume that f is continuous on Apr(V ) and it is rough linear. Let (x n ) be the sequence in Rker(f ) that converges to x ∈ Apr(V ). By continuity of f , f (x n ) converges to f (x). Since x n ∈ Rker(f ), f (x) = lim n→∞ f (x n ) = 0.
Then x ∈ Rker(f ) and hence Rker(f ) is closed.
